In this paper, the homotopy perturbation method is adopted to find explicit and numerical solutions for systems of non-linear fractional shallow water equations. The fractional derivatives are described in the Caputo sense. We apply both the homotopy perturbation method and the homotopy analysis method, to solve certain shallow water equations with time-fractional derivatives, and explicitly construct convergent power series solutions. The results obtained reveal that these methods are both very effective and simple for finding approximate solutions. Some numerical examples and plots are presented to illustrate the efficiency and reliability of these methods.
Introduction
he flow of water in a wide channel, with rectangular cross-section, and a smoothly varying bottom surface, is governed by the one-dimensional shallow water equations (SWEs). The assumptions of hydrostatic pressure distribution and small bottom slope are used in deriving these equations [1] . In the onedimensional case, the flow of a fluid in an infinitely wide channel with time-fractional derivative can be presented by using shallow water equations ) ( ' 0 ) ( is the depth of a point from a fixed reference level of the water. Bermudez and Vazquez [3] failed to find an exact analytical solution for the shallow water equations when the bottom is not flat for 1   in a literature search. In last few years many papers have been devoted to the numerical solution of these equations using finite difference and finite element methods [3] . In [1] , the authors consider the same problem with 1   , and they implement Adomian's decomposition method. In recent years, there has been a growing interest in the field of fractional calculus. Oldham and Spanier [4] , Miller and Ross [5] , Momani [6] and Podlubny [7, 8] provide the history and a comprehensive treatment of this subject. Several fields of application of fractional differentiation and fractional integration are already well established, and some others are just starting. Many applications of fractional calculus can be found in the literature [9, 10] . For this reason, it is important to solve time fractional partial differential equations. It was found that fractional time derivatives arise generally as infinitesimal generators of the time evolution when taking a long time scaling limit. Hence, the importance of investigating fractional equations arises from the necessity to sharpen the concepts of equilibrium, stability states, and time evolution in the long time limit. There has been some attempt to solve linear problems with multiple fractional derivatives.
In this paper, we consider
,and with the same analysis as in [11, 3] , we implement the homotopy perturbation method (HPM), and homotopy analysis method (HAM) for obtaining explicit and numerical solutions of those fractional shallow water equations with source terms. We will also illustrate that how the homotopy methods help to achieve accurate solutions.
Basic principles of Fractional Calculus
This section is devoted to a description of the operational properties for the purpose of acquainting the reader with sufficient fractional calculus theory. Many definitions and studies of fractional calculus have been proposed in the last two centuries. These definitions include those of, Riemman Liouville, Weyl, Reize, Campos, Caputa, and Nishimoto fractional operator. The Riemann Liouville definition of fractional derivative operator  a J is defined as follows:
Properties of the operator  a J can be found in [4, 7] , here we mention the following:
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As mentioned in [6, 8] 
, and
The Caputo fractional derivative is considered in the Caputo sense. For more details on the geometric and physical interpretations of fractional derivatives of both Riemann-Liouville and Caputo types see [2, 6] . 
For mathematical properties of fractional derivatives and integrals one can consult the above mentioned references.
Homotopy Methods
Liao [12] and He [13] employed the basic ideas of homotopy in topology to propose general analysis methods for nonlinear problems, namely the homotopy analysis method (HAM), and homotopy perturbation method (HPM). These methods have been successfully applied to solve many types of nonlinear problems. To illustrate the basic ideas of these methods, we consider the general form of the partial differential equation
with boundary conditions of the form 
By means of generalizing the traditional homotopy method, Liao [14] constructs a homotopy 
The changing process of p from zero to unity is just that of ) , ( As proved by Liao [14] , if the auxiliary linear operator, the initial guess, the auxiliary parameter  , and the auxiliary function are properly chosen, the series (3.6) converges at 
which is used mostly in the homotopy perturbation method [13] , whereas the solution obtained directly, without using Taylor series [16] . For equation (3.11 
The convergence of the series (3.12) has been proved in [17] . In [18] , the homotopy analysis method was used to derive the Adomian decomposition method, i.e., if the auxiliary parameter 1    , the auxiliary function 1 ) (  r H , the auxiliary linear operator, and the initial guess are properly chosen, the Adomian decomposition is a special case of the homotopy analysis method, as Allan [18] shows.
Solutions of Fractional Shallow Water Equations
We solve the fractional system (1.1), subject to the initial conditions
We take the reference point to be 1, and
. According to [19] 
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and so on for the rest of the coefficients of the same powers of 
and so on. In the same manner, the rest of the components of the homotopy perturbation solutions can be obtained using Maple Package. The third-order term approximate solutions for equation (1.1) are given by 1   , which agrees with the results in [1] in which the Adomian decomposition method was used. Figure 2 Figures 5-10 shows that the solution continuously depends on the fractional derivatives. A clear conclusion can be drawn from Figures 5-10 that the solution tends to zero as |x| approaches infinity. It is also observed that as time changes from 1 to 2, the wave starts to bifurcate into two waves. We conclude that as the time-fractional derivative increases, the wave solution also changes continuously. Tables 1 and 2 
Conclusions
The fundamental goal of this paper is to propose an efficient algorithm for the solution of fractional shallow water equations. This goal has been achieved by generalized mth -order deformation of HAM for approximate solutions of non-homogeneous systems. It should be emphasized that, within the frame of the homotopy perturbation method, we have great freedom to choose the initial guess, and the auxiliary linear operator L . The convergence of the series solution by HAM is dependent upon four factors [15, 20] , i.e., the initial guess, the auxiliary linear operator, the auxiliary function ) , ( t x H , and the auxiliary parameter  , while the convergence of series solution that is obtained by HPM is only depend upon two factors: the auxiliary linear operator, and the initial guess. Using the HPM we overcome the difficulties arising in the calculation of HAM; moreover the calculations in the HPM are simple and straightforward. The reliability of the method and the reduction in the size of the computational domain give this method a wide applicability. 
